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Abstract. The classical Stokes matrices for the quantum differ- 
ential equation of P™ are computed, using multisummation and the 
'monodromy identity'. Thus, we recover the results of D. Guzzetti 
that confirm Dubrovin's conjecture for projective spaces. The same 
method yields explicit formulas for the Stokes matrices of the quan- 
tum differential equations of smooth Fano hypersurfaces in P ra . 
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1. Introduction 



Let X be a smooth complex projective Fano variety. One defines a 
connection V, called Dubrovin-Givental connection, on the trivial vec- 
tor bundle H 2 (X, C) x H*(X, C) ->• H 2 (X, C) as follows: 
Va 4 = di — jbiO t where di = (Zi^r, &i, • • • , b r is a basis of H 2 (X, C), h is a 
complex parameter and o t (for t = ^2 *A H 2 (X, C), with = e*») is 
a deformation of the cup product, the so-called small quantum product. 
The quantum differential equations are the equations hd^ — hi o t \I> 
for functions \& : H 2 (X, C) — > H*(X,C). For a detailed discussion we 
refer the reader to [5] and references therein. 

In this paper we are interested in the quantum differential equations 
for F n and non singular Fano hypersurfaces in it (for the case r = 1 and 
excluding the degree 2 hypersurface in P 3 , where r = 2). These are or- 
dinary linear differential equations with two singular points: a regular 
singularity at q = and an irregular singularity at q = oo. We present 
an method, based on the 'monodromy identity', for the determination 
of the Stokes matrices of these equations. If the ramification at q = oo 
is 'maximal', then this tool yields explicit values for the Stokes matrices. 



Our computation of the Stokes matrices for the small quantum differ- 
ential equation of P n provides an alternative way to obtain Guzzetti's 

1 MSC2000: 34M40, 53D45. keywords: Stokes matrices, quantum cohomology. 
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results which verify Dubrovin's conjecture. In introducing Dubrovin's 
conjecture, some words about big quantum cohomology and Frobenius 
manifolds are needed. Above, we have supposed t G H 2 (X,C). How- 
ever, one can consider t e H*(X,C). In that case the deformation of 
the cup product is called the big quantum product. The big quantum 
cohomology is an example of a Frobenius manifold [5j [7] . 

A Frobenius manifold, is a manifold M whose tangent space T t M at 
every point t is a Frobenius algebra equipped with a non-degenerate 
symmetric bilinear form which satisfies certain axioms. More details 
can be found in the references. Inside the world of Frobenius mani- 
folds, the semisimple ones (this means that the underlying Frobenius 
algebra is semisimple) are of special interest. For Frobenius manifolds 
coming from quantum cohomology it was conjectured by Dubrovin [6] 
that the Frobenius manifold is semisimple if and only if the manifold 
X is Fanc@ and its bounded derived category of coherent sheaves has 
a full exceptional collection. In addition, for Fano varieties a relation 
between the Stokes data of the so-called Dubrovin extended connection 
of the quantum cohomology (i.e. = J= — ^(ci(X)o t ) + |deg, where 
ci(X) is the first Chern class of X and deg E End(H(X)), see E]) 
and the Gram matrix for the exceptional collection was conjectured. 
In the case of F n this relation was confirmed by D. Guzzetti [TT] (see 
also [15]). The differential equation associated to the extended connec- 
tion at a semisimple point is related to the small quantum differential 
equation by a change of variable. The Stokes matrices of these two 
equations are essentially the same (see Remark 13.21) . 

After completing the calculations of this paper we became aware 
that a related discussion (from a physical point of view) to our work 
is presented in [16J, for the case of projective spaces. However, the 
argument in loc.cit. concerns the computation of the Stokes matrices 
for the so-called tt*-equations (see ^j). The question whether these 
equations are related to the equations for the quantum cohomology 
and, in particular, whether their Stokes matrices coincide, is discussed 
in [10]. 

The paper is organized as follows. In section 2 we give a brief presen- 
tation of the theory of Stokes matrices emphasizing the relevant facts 
for our computation. In section 3 we present the explicit computation 

2 It was shown in pQ that there are non-Fano examples, since the semisimplicity 
is preserved by blow-ups. However, omitting the Fano condition the conjecture 
remains open. See [13] . 
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for the case of projective spaces and in section 4 we extend that com- 
putation to the case of smooth Fano hypersurfaces. In the sequel q will 
be replaced by z and the parameter h is taken to be 1. We will often 
write 5 for z4-. 

dz 

2. Stokes matrices and the monodromy identity 

A linear differential operator of order n, analytic in the neighbour- 
hood of z = oo, has a scalar form (z-^) n -\-a n -i(z-^) n ~ 1 + - ■ - + aiZ-^ + a 
with all dj in the field C({,2 _1 }) of the convergent Laurent series in z~ x . 
The scalar operator can be transformed into a matrix differential op- 
erator z-^ + A where the entries of the matrix A are in C({^ _1 }). 

As a differential module over C({,2 _1 }), the scalar equation above 
translates into a vector space M of dimension n over this field, equipped 
with a C-linear operator 5m satisfying = z ~^(f) ' m + f°~M( m ), 

for / G C({^ _1 }), m G M. Note that for a suitable basis of M, the 
matrix A above is the matrix of 5m with respect to this basis. 

The formal classification of M is the classification of the differential 
module C((z -1 )) <g> M over the field C((z x )) of the formal Laurent 
series in z~ x . In general, a root z x l m of z for certain m > 1 is needed 
for the formulation of the classification that we describe now. 

There are distinct elements q±,...,q s G Z"C[z™], called the gen- 
eralized eigenvalues of M such that C((,2~ 1 / m ')) <g> M is a direct sum 
of (differential) submodules Ni, . . . , N r over C(( z - l / m )). The differen- 
tial module Nj has a basis such that the operator 5^ has the form 
5j • id + £j, where £j has entries in C. The qj and the decomposition 
C((z' 1/m )) = Ni © • • • © iV r are unique. The ^- are not unique. 

One defines symbols z x for every A G C, logz and e(q) for every 
g G U n >i2 1/n C[z 1/n ], by the rules z Al+A2 = z Xl z x ° 2 , z° = 1, z 1 = z, 
e(qi + q 2 ) = e(q 1 )e(q 2 ), e(0) = 1 and <5(V) = A^ A , 6(logz) = 1, 
5(e(g)) = q ■ e(q). On a sector at z = oo these symbols have an 
obvious interpretation, but not on a full neighbourhood of z = oo. 

Let 7 denote the automorphism of U„>iC((z~ 1 /™)) defined by , yz x = 
e 2mX z x for all A G Q. The natural action of 7 on the symbols is given 
by the formulas 7^ A = e 2mX z x for all A G C, 7 log z = 2ni + log z, 
7 e( g ) = e ( 7 g). 

TTie symbolic solution space. Let £/ be the C((^ _1 ))-algebra gener- 
ated by these symbols. Then U is a universal Picard-Vessiot ring for 
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the differential field C((2; -1 )), wich means that for every differential 
module M over C((z -1 )), the C-vector space V := ker(<5, U ® M) has 
the property that the obvious map U<g>cV — > U®M is an isomorphism. 
Moreover, U is minimal with this property and U has only trivial dif- 
ferential ideals. The space V is called the symbolic solution space of 
M. Let b\, . . . , b d be a basis of M over C^z" 1 )). The elements of V 
are sums Y^j=i a jbj where the ctj G U are (by definition) expressions 
using formal power series, and the symbols z x , log z, e(q). 

The decomposition U = @ q U q with U q := C((,z _1 ))[{z A }, log 2] in- 
duces a decomposition V = @ q V q with V q = kev(S,U g <8> M). Fur- 
ther 7 acts as a C-linear automorphism on V and has the property 
7(V^) = Vy q . The action of 7 on V is called £/te formal monodromy. 

Thus we have associated to M a tuple (V,{V^},7) of a finite di- 
mensional C-vector space V, a subspace V q for every g in the set of 
generalized eigenvalues U n >iz 

l/nq 2 l/n] ; an element 7 e GL(V), SUch 

that V = Q)V q and •yVg = V iq for every q. This construction yields in 
fact an equivalence of Tannakian categories (see [H] for more details). 

Singular directions and multisummation. For a pair of distinct eigen- 
values (q, q), one considers the operator z^ — (q — q) = z4- — (cz x + - ■ ■ ) 
with A > 0, c / and the dots are terms *z^ with < /i < A. The 
solution of the equation is y := e~ cz + ". Let d G M. stand for the direc- 
tion e 2wid at z = 00. Then a real number d is called a singular direction 
for the pair (q, q) if and only if |e 27r * Ad is real and negative. 

Let M be a differential module over C({z -1 }). Multisummation in a 
direction d is a C-linear bijection from the symbolic solution space 
V of M to the space of the actual solutions of M in a sector around the 
direction d. The map exists (and is unique) if d is not a singular 
direction for any pair (q, q) of eigenvalues of M. 

The Stokes maps. Let a differential module M over C({^ _1 }) be 
given and let (V, {V q }, 7) be the tuple corresponding to C^z^ 1 )) <g> M. 
Let d be a direction. Then the Stokes map Std for this direction has 
the form St d = 1 + ^2 ^d,g,q, where the sum is taken over all pairs 
(q, q) such that V q , V q 7^ (i.e., q and q are eigenvalues for M), d is a 

, -,. . r / ~s 171J- projection T . linear T , inclusion T , 

singular direction for (g, gj and Md, q ,q '■ V — » Vg — » — > l/. 
This Stokes map is obtained by comparing the multisummation maps 
m d _ € ,m d+t (with small enough e > 0) from V to actual solutions of 
the differential equation in a sector around the direction d. Further 
7 _1 S't ( i7 = St d+ i. We note that a direction d can be singular for more 
than one pair (q, q). 
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For a given differential module M over C({z _1 }), there is an algo- 
rithm computing the tuple (V, {V q }, 7). The entries of the Stokes maps 
can be expressed as certain involved integrals and, in general, these 
cannot be made explicit. 

Now we have associated to a differential module M over C^z" 1 }) a 
tuple (V, {V^},7, {Std}) with the properties stated above. This yields 
an equivalence between the Tannakian categories of the differential 
modules over C({^ -1 }) and the category of these tuples (see Theorem 
9.11 in HU). 

A change of variables. The inclusion K := C({^ -1 }) — > K e := 
C({w -1 }) with z = u e and e > 1 induces a functor which associates 
to a differential module M over K the differential module K e ® M 
over K e . The corresponding morphism between tuples, maps a tuple 
(V, {V q }, 7, {Std}) to a tuple (V, {Vq}, 7, {St d }). It can be verified that 
Vg = V q for q(u) = q{u e ), 7 = Y and St d = St ed . 

The monodromy identity. Let the differential module M over C({z^ 1 }) 
correspond to the tuple (V, {V q },^, {Std})- Let W be a solution space 
at a certain point p close to z = 00. One makes a loop around z = 00 
and analytic continuation along this loop yields the topological mon- 
odromy morioo G GL(W). After some identification of W with V one 
obtains the monodromy identity (see Proposition 8.12 in [14]): 

monoo is conjugated to 7 j [ St d , 

de[o,i), d singular 

where the order of the maps Std in the product is counter clockwise. 

3. The Stokes matrices for S n - z. 

We summarize the results for this quantum differential operator of 
pn-i ( norm alized by puting h = 1). The irregular singular point z = 00 
has (generalized) eigenvalues qj = e 2m i/ n z l / n ^ j — 0, . . . , n — 1. 

The symbolic solution space V at z = 00 has a basis e , . . . , e n _i, 
uniquely determined (up to simultaneous multiplication by a constant) 
by normalizing the matrix of 7. Let Ek/ G End(V) denote the map 
defined by Ek/ee = tk and Ek/ej = for j 7^ I. For a direction d, 
the Stokes matrix Std G GL(V) has the form = 1 + J2 x e,kE^k, 
where the sum is taken over the pairs (k, £) such that the direction d is 
singular for q k — q t . For k ^ t the pair (g fc , q £ ) has in the interval [0, n) 
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precisely one singular direction and produces the constant xg t k- Of t ne 
n(n — 1) singular directions in [0, n) (counted with multipicity) there 
are n — 1 in the interval [0, 1). The xp^ corresponding to the singular 
directions in [0, 1) are computed, using the monodromy identity. The 
other xp t k are obtained by the formula •y~ 1 Std'"f = Stj+i- 

The ' Stokes data 1 for the equation is defined as {xp^}k^t- The indices 
£, k are regarded as elements of Z/nZ. The result of this section is: 

Theorem 3.1. For n odd 

xi, k = -{-l) k ~ l fork>l andk + l = [f ] or = [f ] - 1, 
xt, k = (-l)'- fc (j-J for I > k and k + / = 3[f ] + 1 or = 3[f ], 
and a;z +S)fc+s = x/ jfc for all s e Z. 
For n even 

^,fc = -(-!)*"' ( fc l,) /orfc>Z and k + I = % or \ - 1, 
= (-i)i-fc(^J forl>kandk + l = 3% or 3f - 1, 
and x i+Sifc+s = rr ijfc /or a// s G Z. 

From 3.1 one deduces: 
For odd n and < t < /cone has = — (— andx^ = —x^e- 
For even n and < t < k one has xg t k = — (—^) k£ { k n _p) if k—t < | and 
^,fc = ( _ l) fe ~^(fc™£) if k ~ £ > f • Moreover for even n and < k < £ 
one has x t>k = (-l) £ - fc ( £ "J. 



3.1. Generalised eigenvalues and formal monodromy. The scalar 
operator (z4-) n — z can be transformed into a matrix differential oper- 
ator (z-4-) + A where the entries of the matrix A are in C({^ _1 }). More 



precisely, the matrix A has the form 



1 




1 





\ 



1 

0/ 



In the case of (z-^) n — z, the differential module C((z 1//n ))(8)M has a 
basis &o, • • • , b n -i such that 5bj = —qjbj with qj = ( 3 z x l n and ( = e 2m ^ n . 
The are the generalized eigenvalues and the matrix form of 8, with 
respect to this basis, reads z-^ — diag(z 1 / n ) (z 1 / 12 , . . . , ( n ~ 1 z 1 / n ). 

The symbolic solution space V has the basis {ej := e^ Jzl/n bj\ j = 
0, . . . , n — 1}. The elements bj are unique up to multiplication by a con- 
stant. These constants are choosen such that the formal monodromy 
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7 has the form e >->■ e± \-> • ■ • (->■ e„_ 2 l_ ^ e n-i ^ ( — l) n e . The sign 
(— l) n comes from the observation that 7 has determinant 1 on V. 

In this case mon^ can be identified with the topological monodromy 
mon at z — 0. This is a unipotent matrix with characteristic polyno- 
mial (A - l) n . 

3.2. The singular directions. Put (C fc — C^) = \( k ~( l \ -e 2 *^*^ with, 
say, < (f>(k,£) < 1. Now d is a singular direction for q k — q e if and 
only if cos(2tt0(A;, t) + 2tt^) = -1. Thus d =: d(k, I) = n{\ - <j>(k, £)) 
is modulo n the only singular direction for the pair (q k , q{). 

Recall that the symbolic solution space V has basis eo, . . . , e n -\- We 
denote by E a ^ G End(V) the map given by E ah e h = e a and E ab e c = 
for c ^ b. One has E ajb E bjC = E afi . Moreover, the part of Std(k,i) 
corresponding to the pair (q k , q{) has the form x^ k E^ k for a certain 
constant Xi tk . Then 

Std = 1 + x hk E^ k . 
(k,l) such that d=d(k,l) mod n 
Our goaZ is to compute all constants xi tk . 

Computation of d(k,l). One observes that for A G (0, 1) C K, the for- 
mula (e 2 ™ A - 1) = |(e 2 ™ A - l)|e 2 ^ holds with « = \ + \. This implies: 

For n > k > I > one has 0(Jfe, Z) = \ + ^ and d(k, I) = \ - *±*. 
For n > I > k > one has 0(/c, Z) = | + £H and d(ife, Z) = ^ - *±*. 

For n odd and n > k > I > 0, the possibilities for d(k, I) G [0, 1) + Zn 
are given by: k + 1 = [|], /) = | and fc + Z = [f ] - 1, d(k, I) = §. 
For n odd and n > I > k > 0, the possibilities for d(k, I) G [0, 1) + Zn 
are given by: k + l = 3[f] + l, d(k,l) = \ and /c + Z = 3[f], d(Jfe, Z) = f. 

For n even and n > k > I > 0, the possibilities for d(k, I) G [0, 1) + Zn 
are given by: k + I — |, d(/c, Z) = and + Z = | — 1, d(&;, Z) = |. 
For n even and n > I > k > 0, the possibilities for d(k, I) G [0, 1) + Zn 
are given by: k + l = 3f , Z) = and fc + Z = 3f - 1, d(k, I) = \. 

3.3. The equation for odd n. The monodromy identity for odd n is: 

monoo is conjugated to jStsSti. Therefore P n := det(— Xl+^StsSti) 

44 44 

equals — (A — l) n . Further 

7 — Ei,o + E 2i i + • • • + F n _ liri _2 + F 0i „_i, 
7 



St 3 = 1 + ^2 x i,kEi,k + E x i,kEi,k, 

k+l=[%]-l,k>l k+l=3[%],l>k 

St j = l+ E x i,k E i,k + E x i,k E i,k- 

k+l=[§],k>l k+l=3[%]+l,l>k 

The computation of the determinant P n is a combinatorial exercise 
which we will not make explicit here. Before giving the formula for P n 
for general odd n, we list examples found by a MAPLE computation. 

P 3 = -A 3 + a;o,iA 2 + x 2il A + l, 

P 5 = -A 5 + :r ,iA 4 + x , 2 X 3 + x 4j2 X 2 + rr 4 , 3 A + 1, 
P 7 = -A 7 + x h2 X 6 + x 0i2 A 5 + xo.sA 4 + x 6i3 A 3 + x 6A X 2 + x 5A X + 1, 

Pg = -\ 9 +X li2 \ 8 + X h3 \ 7 +Xo,3\ 6 +Xo,4X 5 +Xs A \ 4 +X 8i5 \ 3 +X 7 , 5 \ 2 +X 7fi \+l. 

The general formula for P n and odd n is P n = —X n + 1+ 

k>i, fe+J=[§] or =[f]-i «>fc, fc+/=3[f]+i or =3[f] 

From this and the equality 7 -1 <S'i < fy = 5^+1 one obtains 

= ( fc ^)for*>Zand* + Z = [|] or = [|] - 1, 

= (-l)'- fe ^ ™ ^ for Z > A; and k + I = 3[|] + 1 or = 3[|], 
and Xi +Sjfe+S = rr ijfc for all s e Z. 

3.4. The equation for even n. According to the monodromy iden- 
tity morioo is conjugated to 'jStiSto. Thus P n := det(— Al + / yStiSt ) 
equals (A — 1)™. 

7 — Ei,o + E 2 ,i + h £' n _i i „_2 — Po,n-i, 

St l = 1 + E ^.fc-^i,* + E X l,k E l,k: 

k>l, fc+J=f-l Z>fc, fc+Z=3§-l 

^0 = 1+ E ^.k^l,* + E x l,k E l,k- 
k>l, k+l=^ l>k, fc+Z=3f 

Computation with MAPLE produces 

P 2 = A 2 - x ,i\ + 1, 

p 4 = A 4 - x 0il A 3 - x 0i2 X 2 + x^ 2 X + 1, 

P& = A 6 - a;i,2A 5 - a^A 4 - rc , 3 A 3 + rc 5i3 A 2 + x 5i4 A + 1, 

P s = A 8 - xi i2 A 7 - xi i3 A 6 - x , 3 A 5 - x ,4A 4 + x 7i4 A 3 + x 7i5 A 2 + x 6 ,5A + 1. 
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The general formula for P n and even n is P n = X n + 1+ 

fc>«, fc+J=§ or =f-i «>fe, fc+z=3§ or =3§-i 

This implies 

J for fc > Z and fc + Z = - or - - 1, 

(71 \ 71 71 

, , for Z > A; and /c + Z = 3- or 3- - 1, 
I — kj 2 2 

and X; +Sjfc+S = for all s G Z. 
Remark 3.2. Comparison with Guzzetti's paper. 

In [11] the quantum differential equation for P n_1 is given in the form 
(w-4-) n (f)(w) = (nw) n (j)(w). The change of variable z = w n produces the 
equation (z-^) n — z. According to §2, the two equations have essentially 
the same Stokes matrices. 

There is only one matrix S, called the Stokes matrix of the quantum 
differential equation, in [TTJ and S is the product Yid Std taken over an 
interval of lenght tt (say d 6 [0, 1/2) in our notation). This product is 
a unipotent matrix and is, a priori, rather complicated with respect to 
the given basis (see §6 of [H]). This basis is changed by a permutation, 
putting signs and the action of a braid group. The quantum differential 
equation lives in a family, parametrized by C n \ the diagonals, of similar 
equations where the singular directions at z = oo vary. The braid group 
action is derived from loops in this family. Then S, on this new basis, 
has the form required by Dubrovin's conjecture. We note that the new 
matrix has an immediate translation into 'the Stokes data' {x^k}- 

Remark 3.3. Weighted projective spaces. 

For the weighted projective space ¥(wo, ..,w n ), which is defined by 
C n+i \ { }/C*, where t ■ (z , ...,z n ) = {t w °z , ...,t w "z n ), a quantum 
differential operator is given in [9j, namely 

n 

Y\_(wihd)(wihd — h) ■ ■ ■ (tUih — (wi — 1)H) — q, 

i=l 

where d = q-^-. After taking h — 1 and replacing q by z and d by 
^ = z ~Iz ^ ne operator reads 

n *(*_!)...(*_ !!*-Li) - z . 

j=0 ■> 
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We note that the above formula is attributed to Corti and Golyshev 
and that in [T2] Dubrovin's conjecture is extended to orbifolds and in 
particular to weighted projective spaces. Here we will show that our 
computations of the classical Stokes matrices for ordinary projective 
spaces extend to the case of weighted projective spaces. 

Let s = ^2%Uj. Then at z = oo the generalized eigenvalues are C^z 1 ^ 
with j — 0, . . . , s — 1 and £ = e 2nl ^ s . The configuration of the Stokes 
matrices is the same as for the ordinary projective space P s_1 and the 
formal monodromy has to be changed by a minus-sign if n is even. 
The topological monodromy at z = (or equivalently at z = oo) has 
characteristic polynomial ]^[" =0 (A li ' J — 1). 

We conclude that the monodromy identity determines all Stokes ma- 
trices and their non trivial entries xg^ are computable integers. 

Example P(l,2,4). The topological monodromy at z = oo is conju- 
gated to ^fStz/^St\u. The characteristic polynomial of this 7x 7-matrix 
is —A 7 + Xi j2 A 6 + x 0t 2^ 5 + ^o,3^ 4 + x 6,3^ 3 + Xq^X 2 + a; 5i4 A + 1, where the 
the non trivial entries of SY3/4 and Sti/4. 

The topological monodromy at z = has characteristic polynomial 
-(A - 1)(A 2 - 1)(A 4 - 1) and thus we find 

^1,2 = 1, ^0,2 = 1, ^0,3 — — 1) ^6,3 — 1) ^6,4 = — 1, ^5,4 = _ 1- 

4. The quantum differential equation 
5 JV " 1 - zk(kS + k - l)(kd + k - 2) • - • (kS + 1) 

According to [8], this equation arises from a non singular hypersur- 
face of degree k < N — 1 in P-^ -1 . We prefer to write this operator in 
a slightly different way 

5 n+m ~ 1 -m m z{5+^— -)(d+ 1 ^—^)---(S+-) with S = z4~, n>l,m> 1. 
m m m dz 

We note that for m = 1 this reduces this operator to the one studied 

in Section 3. At the end of this section we will comment on the case 

n — 1. 

Theorem 4.1. The Stokes data for the above equation is: 
{xe,k\ < k,£ < n — 1, k ^ £} and {zj\ 1 < j ' < m — 1}, {yj\ 1 < 
j < m — 1}. The y* and z* depend on the choice of a basis. However, 
the products VjZj, j = 1, . . . , m — 1 are computable elements of Q(C), 
where ( = e 2m /' m } independent of this choice. 

xg +s ^+s = %e,k holds for s6Z where k,£ are considered modulo nL. 
For n > 1 odd 

x ith = (-l)*"^ 1 (7+7) for k > £, k + £ = [f ] or = [f ] - 1, 
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x ltk = (-iy- k {T™) for£>k, k + £ = 3[2] + l or = 3[2]. 
For n even 

x tfk = (-l) fc - m (t7) for k > £, k + £ = f or 
Xl k = ^n+m+e-k+i (n+m) for £ > k, k + £ = 3% or 3^ - I . 



- - 1 

3f or = 3f 



We start by investigating the case n = 2, m = 3. 

4.1. The differential equation <5 4 — 27 zS 2 — 27z§ — 6z. This equation 
is given in [8], p 42, Example 3.6, as the quantum differential equation 
of a hypersurface of degree 3 in P 4 . A matrix form for this equation is 

/ -1 \ 
0-10 
-1 

-6z -27z -27z 



d 

dz 



\ 







/ 



We proceed as in §3. 
Ql = V27Z 1 / 2 , q 2 = - 
z = oo has the form V — r qi 
Vq = Ce3 © Ce4. The basis t\ 
monodromy has the form 



The (generalised) eigenvalues at z = oo are 
27 z 1 / 2 , 0. The symbolic solution space V at 
V qi © V q2 © V with V qi = Cei, V q2 = Ce 2 and 
. , e4 is chosen such that the formal 



7 



V 



o 









C 









C 2 



where ( = e 



2ni/3 



We note that this basis is unique up to a transformation of the type 
t\ i — y Aiei, | — > Aie2, e% i-> A2e3, e4 H- A3e4 with all A* G C*. 

The singular directions are + 2Z for the differences q 2 — qi, q 2 ~ 
0, — q\ and are 1 + 2Z for the differences q\ — q 2 , qi — 0, — q 2 - The 
Stokes matrix Sto has the form 



St. 



V 



i 

X\ 








1 

•r 2 

a? 3 



X4 



1 





Z5 



1 



/ 



jSt 



( 



\ 



1 






-1 



(x 2 

C 2 X3 





X4 

c 

o 



o 



C 2 



\ 



/ 



and S'ti = j Sto'j. According to the monodromy identity, is 
equivalent to the topological monodromy at z = 0. The latter is seen 
to have the single eigenvalue 1 (and only one Jordan block). Thus the 
characteristic polynomial of jSto is (A — l) 4 . This yields the data for 
the entries of the Stokes matrices x\ = —5, x 2 x 4 = — 9( + 18, x 3 x 5 = 
9( + 27. It seems that we have not enough information to obtain 
values for all x*. This is due however to the non uniqueness of the 

basis vectors e$, e^. As an example we can see that for a suitable 
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choice of e 3 , e 4 we will have, say, x 4 = 1 and x 5 = 1 and further 
x x = -5, x 2 = -9C + 18, x 3 = 9C + 27. 

4.2. The general case. The above operator is transformed in the 
usual way to a first order matrix differential operator. The formal data 
for the symbolic solution space V at z = oo are: the (generalised) 
eigenvalues are and the qj = \jrn m C,i l z x l n for j = 0, l,...,n — 1 
with C« = e 2ni/n . This solution space V has the decomposition V = 
V qo © V qi © • • • © © Vo with Vg. = Ce, for j = 0, . . . , n - 1 and 
V = C/i ©• ■ -©C/ m _i. The basis vectors are chosen such that the for- 
mal monodromy 7 acts as eo 1— >■ ei 1— >■ • • • 1— > e n _i 1— >■ (— l) n_1 (— l) m_1 eo 
and 7/j- = C J m fj for j = 1, . . . , m - 1 and ( m = e 2 ™ /m . 
We note that the basis f±, . . . , / m _i of Vo is unique up to multiplication 
by scalars. The computation of the 'monodromy identity' is done for 
n even and n odd separately. 

even n. 

The singular directions d for q k — lying in [0, 1) + Zn are the same 
as in §3, namely: 

For n > k > i > 0: d = and k + i = \ ; d = \ and k + i = \ - 1. 
For n > £ > k > 0: d = and k + £ = f ; d = \ and k + £ = f - 1. 

For q k — 0, the only singular direction in [0, 1) + Zn is d = with /c = | . 
For — q k , the only singular direction in [0, 1) + Zn is d = with fc = 0. 

Description of St . For elements in End(Ce + • • • + Ce„_i) we use 
the notation of §3. Then St is the identity plus a number of maps, 
namely £ fc><i fe+ ^ = „ a* >fc £ /)fc and ^> fc , fc +^ = f ^,fc^,* and a map e« ^ 
+ • • • + Um-ifm-i (and maps the other base vectors to 0) and for 
j — 1, . . . ,m — la map /j i-> ^e (and maps the other base vectors to 
0). 

Description of Sti. This Stokes matrix is the identity plus certain 
maps, namely J2k>t, k +e=%-i x e,kE e , k and Y.t>k, k +i=^-i x ^ E t,k- 

The matrix •yStiSto and its characteristic polynomial P can be com- 
puted. The monodromy identity P = (A — i) n + m -- 1 leads to the state- 
ment that x tyk have the form ±( n ^ m ) and that the yjZj are elements 
of Q[Cm]- As in §4.1, i.e., the case n = 2,m = 3, one cannot compute 
the yj and Zj separately since this involves a definite choice of the basis 

fl} ■ ■ ■ i fm—l- 
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Example. The case n = 4, m = 3 and £ := e 27rJ//3 . 
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Since the characteristic polynomial of '-/StiSto is (A — I) 6 one finds 
x ,i = 7, x ,2 = -21, x 3 ,2 = -7, yi^i = 9(2C 2 + 1), y 2 z 2 = -9(2( 2 + l). 

P denotes again the characteristic polynomial of ^StiSto for n even 
and m > 1. One observes that (A — l) n+m = (A - 1)P is the sum of 
(A m - l)Q with 

Q = x n - xi,k>r- {k - l) + E zi,*A'- fc +i 

fc>z, fc+z=§ or =f-i i>k, fc+«=3f or =3f-i 

and terms *\ j with 3|<j<m + |. This leads to the formulas 

xt* = (-l) k ~ e+1 for k > £, k + 1= \ or = \ - 1, 

a*,* = + ^ for £ > fc, A; + £ = 3| or = 3^ - 1. 

The elements yjZj are (in general complicated) expressions in Q(C). 

odd n > 1. 

TTie singular directions d in [0, 1) + Zn are: 
For q k -qe- 

n>k> £>0, d= \ with fc + £ = [f ]; d= \ with fc + £ = [f ] - 1 
n>£>k>0, d=\ with fc + £ = 3[f ] + 1; d = § with k + £ = 3[f ]. 
For g fc - 0: d = § and k = [f]. For - q k : d = and k = 0. 
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Example, n 
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The observation that the characteristic polynomial of jStsStiStiSto 
is (A-l) 5 yields x 0>1 = 6, x 2 ,i = -6 and = -9(C 2 + 1), 1/2-22 = 9( 2 . 

As in the case of even n one obtains for general odd n > 1 and m > 1 
explicit formulas for the entries xg^ (same notation as in the even case) 
of the Stokes matrices, namely 

x e , k = (-1)*^ (^fj iork>i,k + i= [|] or = [|] - 1, 

= ("tr) ioii>k ' k + i = 3[^} + lor =3[|]. 

The elements yjZj are (in general complicated) expressions in Q(C)- 



m m z(5 + 



+ •■•(« + i). The 



m ' v m 

00 are z and 0. 



Comments on the case n — 1. 
The equation reads 5 m 
(generalized) eigenvalues at z 

This equation is not really a quantum differential equation and more- 
over there is no ramification at z = 00! 

The symbolic solution space V is given a basis eo, /1, . . . , / m -i suc h 
that \4 = Ceo, ^0 has basis f\,..., f m -\ and the formal monodromy 
7 has the form 7(eo) = eo and 7(/j) = tffj f° r a ^ J an< i C = e 2nl ^ m . 
The above basis is unique up to multiplication by scalars. The sin- 
gular directions are d — \ and d — and the corresponding Stokes 
matrices involve (using the earlier notation) only {y±, . . . , y m -i} and 
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{zi, . . . , z m _i}. These elements are not unique, however the prod- 
ucts yjZj are independent of the choice of eo, fx, . . . , f m -i and are 
computable elements of Q(C)- An example: for m = 3 one finds 

y lZl = 3 + 3(, y 2 z 2 = -3(. 
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